On-shell methods have revitalized interest in scattering amplitudes which have, in turn, shed some much needed light on the structure of quantum field theories. These developments have been warmly embraced by the particle physics community. Less so in the astrophyical and cosmological contexts. As part of an effort to address this imbalance, we illustrate these methods by revisiting two classic problems in gravity: gravitational light-bending and the vDVZ discontinuity of massive gravity.
Introduction
The detection of gravitational waves by LIGO in 2017 has stimulated renewed interest in the calculation of observables in gravitational theories. However, in perturbative gravity this can be a cumbersome endeavour. Treating GR as a QFT can help, since classical aspects of gravity can be extracted directly from the scattering amplitudes in the −→ 0 limit. However, the traditional computational device -Feynman diagrams -comes with much tedious baggage; namely that we demand gauge freedom and locality be manifest at every intermediate step. This doesn't help where gravity is concerned. For example, the (off-shell) GR three-point alone is infamously 171 terms long. In the last two decades, on-shell methods have revolutionised the computation of scattering amplitudes. Key to this program is the idea that the S-matrix ought to be computable using only physical information gained from asymptotic states. This same principle -and onshell methods -can be applied to gravitational phenomena, introducing incredible simplicity and yielding some remarkable new results.
On-Shell Methods and BCFW Recursion
Tree-level scattering amplitudes can be almost completely determined from their analytic properties, Poincaré invariance, dimensional analysis and a little complex analysis. Indeed, locality dictates that these amplitudes have simple poles in p 2 . By complexifying the external momenta we can use Cauchy's theorem to build up n-point amplitudes from one basic building block: the on-shell three-point amplitude. This, in turn, is fixed entirely by dimensional analysis (in 4D, three-points are required to have mass dimension 1) and the knowledge of how amplitudes should transform under the little group. BCFW recursion hinges on the fact that tree amplitudes are singular on-shell and behave as ∼ 1/P 2 . Shifting the external momenta into the complex plane P i −→ P i + zη i produces a simple pole in z. The amplitude, A(z) is now rational functions of z which submits to Cauchy's theorem. Knowing only the poles and residues we can
. Amazingly, we can build any tree level amplitude from on-shell 3-point + poles! In pictures,
We can use symmetry to fix three-points uniquely, using our knowledge of the little group:
Using little group adapted variables (i.e. noting that SO(1, 3) ≃ SL(2, C)), we note that amplitudes transform under U (1) and SU (2) respectively. Together with dimensional analysis, these results allow for the unique (up to a coupling constant) construction of on-shell three-point amplitudes for any spin. Remarkably, this means that n-point tree-level amplitudes involving massless particles of spin s ≤ 2 can be built entirely without the baggage of a Lagrangian, field redefinitions or gauge symmetry (modulo some technicalities).
Gravitational Light-bending
A key prediction of GR is the classical deflection of light due to a massive body, like a star or black hole. As a scattering problem, we can think of this simply as the deflection of a massless particle by a massive one, mediated by a graviton.
Computing these via the usual Feynman diagram method is possible, but using the BCFW recursion relations one can choose the complex shifts in such a way that the all the information of the interaction is contained in the diagram with the scalar propagator 1 . This makes the computation of the amplitude trivial as we only need the on-shell three points
and the scalar propagator. Constructing the relevant three-points using symmetry arguments and BCFW, we find that the amplitude is given by
To compare this with the classical result, we need to take the appropriate limits of the amplitude, specifically the limit that gives the small angle approximation, in this case m φ ≫ E γ and small momentum transfer t. Computing the cross-section then leads directly to the scattering angle predicted by GR. One might ask what would happen if we were to replace the photon by a graviton, probing how a gravitational wave might be deflected by a massive body. The equivalence principle demands that the bending angle ought to be the same in both cases, and yet the amplitudes are very different off-shell, differing by 100's of terms due to the complicated graviton three-point function. Thankfully, it is barely any more complicated when using on-shell methods and BCFW and we find . This is obviously a different amplitude, but it too leads to the correct bending angle. This is because of the observations (s 12 , s 13 , s 14 ) 2 and f (s 12 , s 13 , s 14 ) t<1,m φ ≫Eγ ≃ 1.
The vDVZ Discontinuity Revisited
The vDVZ discontinuity manifests itself as an intriguing puzzle: classical gravity with a nonzero massive graviton does not yield the results of GR in the massless limit. Typically, this is seen in the field theory itself, and can be made apparent either at the level of the Lagrangian or by computing the propagator. Observationally, this results in the light-bending angle being rescaled by a factor of 3/4 -an extremely unwelcome addition. Can we see this purely on-shell? Indeed we can 2 . Compare the following amplitudes . This is however not the correct Newtonian limit, so we rescale G −→G = .
Including the massive graviton changes nothing in the case of photons! However, deriving the light bending angle as before, we find that θ mg −→0 = 3 4 θ mg=0 , manifesting the vDVZ discontinuity.
A Spin 3/2 Discontinuity
It is natural to wonder whether this discontinuity persists under a supersymmetry transformaion: does a similar discontinuity exist for the massive gravitino in N = 1 SUGRA? We can again consider comparing two diagrams, now considering the interaction of light with fermionic matter. The two amplitudes we must compare are versus In both cases we keep the external fermions massive, but the scalars and photons massless. In the graviton case, we found that the discontinuity arose due to the non-vanishing contribution from the dilaton. In the case of the gravitino, comparing the amplitudes above, we find a similar result: the amplitudes involving scalars not equal in the massless limit of the Rarita-Schwinger field, while the amplitude involving photons is equal. This time, the discontinuity arises from the goldstino-mode of the Rarita-Schwinger field, i.e. the spin-1/2 mode of the gravitino. We will explore this result in more detail in a forthcoming paper.
